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 . !. "#"’$%, &.'.(., )*+,(', -./0/1.&2 30405 67789 (:&;2<(2); 
#. $. %:-7=>?%!, -./0/1.&2 30405 67789 (:&;2<(2) 

!#$%&'"% ()%*&+!', - .+&#. "+$/%"/ 01#. 

2+(3-.+$4 $% 2-#"5%!' 6/- &+2-#7&%1'( 

353"/-+- .+&+8+ 6"5%! 

@*AB45(9'* C;*+,1 /A2DE(*B* C,;,E0F,((5 0 &*('2&'9/2((5 C*/,;G*(. 1';9E*A’DE(HG ,4,E,('0/ C2('*-
B;232 '2 &*('2&'(*< E,;,I0 A 9;2G9/2((5E *1*J4H/*1',K /C4H/9, C2;2E,';0/ L/H)&*1'0 '2 C;H1&*;,((5, /H-
A(2M,((5 5&HG )*A/*4H'. E2',E2'HM(* C;*B(*A9/2'H 1'9C0(. A(*L9/2((5 &*('2&'9NMHG ,4,E,('0/. 

@211E*';,( C;*+,11 /A2HE(*B* C,;,E,F,(H5 H &*('2&'H;*/2(H5 C*/,;G(*1',K '*&*1OPE(QG R4,E,('*/ 
C2('*B;232 H &*('2&'(*K 1,'H 1 9MP'*E *1*J,((*1',K /4H5(H5 C2;2E,';*/ 1&*;*1'H H 91&*;,(H5, *C;,),4,-
(H, &*'*;QG C*A/*4H' E2',E2'HM,1&H C;*B(*AH;*/2'. 1',C,(. HA(*12 &*('2&'H;9NFHG R4,E,('*/. 

The process of mutual moving and contacting of surfaces of current collecting pantograph elements and contact 

network is considered taking into account the particularities of inf1uence of speed and acceleration parameters, de-

termination of which will allow to forecast mathematically the wear-out degree of contacting elements. 

 ,G2(0AE /A2DE(*B* &*('2&'9/2((5 C*/,;-
G*(. 1';9E*A’DE(HG ,4,E,('0/ '2 1';9E*(,19-
M*B* );*'9 D )*/*40 1&42)(HE A2 G2;2&',;*E 0 
*1*J4H/01'N 1/*D< /A2DE*)0<, *1&04.&H 9 C;*+,10 
C,;,E0F,((5 J,AC*1,;,)(5 '*M&2 &*('2&'9 
A)0K1(ND (, M0'&* /HA(2M,(HK C;5E*40(0K(HK 

;9G, 2 C,;,E0F9D'.15 A2 1&42)(*N ';2D&'*;0DN. 

S C,;L9 M,;B9, +, C*/’5A2(* A (,*JG0)(01'N 

/H&*;H1'2((5 )45 &*('2&'9 (, /9A.&*< 1E9BH 
C*/,;G(0 /1'2(*/4,(HG 0 A2&;0C4,(HG 9 C2('*-
B;230 1';9E*A’DE(HG ,4,E,('0/, 2 A2)05((5 5&*-
E*B2 LH;L*< A*(H &*('2&'9/2((5, F* A2J,AC,-
M9D ';H/24, ,3,&'H/(, /H&*;H1'2((5 +HG 1&42-
)*/HG ),'24,K )2(*B* E,G2(0AE9. 
6*140)I,((5 )H(2E0&H C,;,E0F,((5 &*('2&-

'9NMHG C*/,;G*(. )*A/*4H'. / &*EC4,&10 /0)*-
J;2AH'H /1N &2;'H(9 0 *1*J4H/*1'0 EH''D/HG 
AE0F,(. '2 <G ';2D&'*;0K )45 *&;,EHG ,4,E,('0/ 
+HG )/*G C*/,;G*(.. #)I, /0)*E*, F* )45 &*I-

(*B* EH''D/*B* 1'2(9 ;9G9 C4*FH(H 01(9N'. 
*1*J4H/0 &;H/0 0 '*M&H, 5&0 /0)C*/0)2N'. 1C,+02-
4.(HE /421'H/*1'5E L/H)&*1'0 '2 C;H1&*;,((5, 
/1'2(*/4,((5 5&HG )*A/*45'HE, M0'&* 95/H'H 

1*J0 C;*+,1 /A2DE(*B* ',;'5 0, /0)C*/0)(*, C;*-
B(*A9/2'H ;0/,(. A(*L9/2((5 E2',;0249 &*('2&-
'9NMHG ,4,E,('0/. 
8HC*/HE C;H&42)*E /HA(2M,((5 ';2D&'*;0K 

/A2DE(*B* C,;,E0F,((5 D E,'*) ;*A;2G9(&9 A2 
)*C*E*B*N &;9B0/ ";,112 – 'HC*/HG &;H/HG 
);9B*B* C*;5)&9, G*M2 / )2(*E9 /HC2)&9 /*(H D 
C*J0M(HE ;,A94.'2'*E A2B24.(HG /H1(*/&0/, 
*';HE2(HG )45 &;H/HG  -B* C*;5)&9. %;0E +.*-
B*, AB0)(* /&2A2(*< E,'*)H&H E*I(2 /HA(2MH'H 

C*4*I,((5 *1*J4H/HG '*M*& C,;,'H(9 )/*G /0)-

C*/0)(HG &04, ), /&2A2(0 '*M&H C;HKE2N'.15 )45 
'*B*, F*J A2)*/*4.(H'H /1'2(*/4,(0 9E*/H C;H 

1H(',A0 E,G2(0AE9 &*('2&'9/2((5. 
 H''D/, C*4*I,((5 '042 9 C;*+,10 ;9G9 /H-

A(2M2D'.15 /0)(*1(* (,;9G*E*< 1H1',EH /0)40&9 
';.*E2 &**;)H(2'2EH a, b, c (;H1. 1), ), A E0;&9-
/2(. (21'9C(HG ',*;,'HM(HG /H&42)*& C;HKE2-
DE*, F* C*/,;G(5 1';9E*A’DE(HG ,4,E,('0/ D 
(,;9G*E*N, 2 1';9E*(,19MHK C;*/0)(H& C,;,-
E0F9D'.15. 8*)0 *1(*/(, '*M&*/, C,;,'/*;,((5 
)45 C;HK(5'*< 1H1',EH &**;)H(2' E2'HE, /H-

B45): 
;

.

X x Cosc y Sinc a

Y x Sinc y Cosc b

 ! " ! #$
%

 ! # ! #&
 (1) 

: C*)24.L*E9 ',*;,'HM(*E9 )*140)I,((0 
)2(*B* C;*+,19 J9),E* /H&*;H1'*/9/2'H '2&0 
C*A(2M,((5: 

k

k k

d X
X

dt
 ; 

k

k k

d Y
Y

dt
 ; 

k

k k

d a
a

dt
 ;  

k

k k

d b
b

dt
 ; 

k

k k

d c
c

dt
 . (2) 

8HEM21*/HE '*M&*/HE C,;,'/*;,((5E )45 
(2/,),(HG &**;)H(2'(HG 1H1',E J9),: 

;

,

k k k k

k k k k

X l x d y a

Y d x l y b

 # # '
(

 " " # )
 (3) 

), lk = dk = f (c1; c2; c3; …, ck). 

S0)*E*, F* C;HK(5''5 2J1*4N'(HG 'HEM21*-
/HG 1C0//0)(*L,(. )45 &**;)H(2': 

(ak, bk, ck),        (k = 1, 2, 3, …, n), (4) 

D (,*JG0)(HE 0 )*1'2'(0E, F*J A230&19/2'H )H-

(2E0M(HK 1'2(  -B* C*;5)&9 ;9G*E*< C4*FH(H 9 
)2(*E9 EH''D/*E9 C*4*I,((0. $& J9), (2/,),-
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(* )240, /HJ0; &**;)H(2'(HG 1H1',E (x, y) C;H 

+.*E9 D )*/04.(HE. T, 1C;2/,)4H/* '*)0 0 4HL, 
'*)0, &*4H C2;2E,';H C,;,E0F,((5 (4) C,;,'/*-

;,(0 9 /0)C*/0)(*1'0 0A AE0(*N &**;)H(2'. $&F* 
C2;2E,';H ;9G9 A2)2(0, '* AE0(N/2'H1. E*I9'. 
4HL, ! 0 b J,A /0)C*/0)(*< AE0(H 1H1',EH (3). 

 

@H1. 1. UG,E2 &*('2&'9NMHG ,4,E,('0/ (!) '2 1H1',EH &**;)H(2' ("): 
1– (,;9G*E, '04*; 2 – ;9G*E, '04* 

V;HC91&2D'.15, F* 1H1',E2 C2;2E,';0/ ;9G9 
(4) A2)2(2 )45 1C0/C2)2NMHG 1H1',E &**;)H(2' 
(!=b=c=0). 82&, C;HC9F,((5 C;HK(5'* AB0)(* 
;,A94.'2'0/ 1C*1',;,I,(. '2 /H1(*/&9, F* )H-

(2E0M(HK 1'2( ;9G9 /0)C*/0)2D C,;,E0F,((N  

3-B* C*;5)&9, /0)*J;2I,(*B* (2/,),(HE ;0/-
(5((5E (4), / 5&*E9   = 3, 2J* 9 /HB45)0: 

a b c

a b c

a b c

* +
, -
, -
, -
. /

   

      

         

, (5) 

), '*M&2EH C*A(2M,(* )H3,;,(+0N/2((5 C* M2-
19. 
WB0)(* A '/,;)I,((5E C;* ;0/(01'. 1C0/C2-

)2NMHG 1H1',E &**;)H(2' (!=b=c=0) ;0/(5((5 
(4) C;HKE2N'. /HB45): 

l1 = 0, d1 = - c1, 

l2 = - 2
1# ,  d2 = - c2, 

l3 = - 3 1 2# #! , 3
3 1 3d c c " , (6) 

l4 = -4 2 4
1 3 2 13c c c c! " # , 

d4 = 2 2
1 2 46c c c! " . 

29:;<=. 6240 E*I(2 /1'2(*/H'H &;H',;0< 
)45 C*4N12 $k k-B* C*;5)&9 [2], '*J'* '*M&H, 

)45 5&*< /,&'*; C,;,E0F,((5 k-B* C*;5)&9 J9), 
2 2

k k kD X Y # = 0. 

SHE2B2NMH, F*J Xk = Yk = 0, *';HE9DE* (2-
1'9C(0 9E*/H: 

0;

0

k k k

k k k

l x d y a

d x l y b

# #  '
(

" # #  )
, (7) 

A 5&HG A(2G*)HE* ;0L,((5 )45 &**;)H(2' 
( ,kx ky ) C*4N12 $k : 

2 2

2 2

;k k k k
k

k k

k k k k
k

k k

b d a l
x

l d

l b a d
y

l d

" '
 0# 0

(
# 0 "

0# )

. (8) 

V*4N1H L/H)&*1'0, C;H1&*;,((5 '2 C*G0)(*< 
C;H1&*;,((5 /HA(2M2N'.15 /0)C*/0)(HEH &**;-
)H(2'2EH: 

1 0x  ;   1 0y  ; 

2 21

a gb
x

g

"
 

#

    
;   2 21
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y

g

#
 

#

    
; 

3 2 2

3 ( 3 ) (1 ) ( 3 )

(1 ) 9

g a ag p b bg
x

p g

! # # " ! #
 

" #

        
, 

3 2 2

3 ( 3 ) ( 1) ( 3 )

(1 ) 9

g b bg p a ag
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p g

! # # " ! #
 

" #
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c
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 H''D/HK +,('; $1 / C*4N10 L/H)&*1'0 ;9-
G*E*< C4*FH(H (;H1. 3) /HA(2M2D'.15 ;0/(5((5-
EH (8), A 5&HG A(2G*)HE*: 

1

1

;
a db

x b
c dc

a da
y a

c dc

'1 "  "  " " 00
(
01   
0)

 

 

 

 

, 

), L';HG*E C*A(2M,(* )H3,;,(+0N/2((5 C* 
(,A24,I(*E9 C2;2E,';9 #. 

?,G2K &**;)H(2'H (a, b) /HA(2M2N'. C*4*-
I,((5 EH''D/*B* +,(';9 $1 / (,;9G*E0K C4*-
FH(0. 8*)0 G2;2&',;H1'H&H C,;,E0F,((5 EH''D-
/*B* +,(';9 J9)9'. /HA(2M2'H15 C*G0)(HEH C* 
M21*/0 /0) (a, b). V0)1'2/45NMH *1'2((0 ;0/(5((5 
9 1C0//0)(*L,((5 (3) 0 C;HC91&2NMH, F* (X, Y) 

2  (a, b), A(2G*)HE* 1&42)*/0 /H;2A9 (5): 

0a   ;   0b   ; 
2a b c a c a1 1 ! " ! #       ;   2b a c b c b1 1 ! " ! #       ; 
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3( ) 3a a c c b c c a1 ! " # ! ! #              ;  
3( ) 3b b c c a c c b1 1 ! " " ! ! #             . 

UH1',E9 C2;2E,';0/ ;9G9 )45 1C0/C2)2NMHG 
&**;)H(2'(HG 1H1',E 0A 1C04.(HE C*M2'&*E 9 
EH''D/*E9 +,(';0 E*I(2 C;,)1'2/H'H 9 /HB45)0: 

0 0 #

a b c

a b c

* +
, -
, -
, -. /

 

      

         

. (10) 

U'2( ;9G9 EH''D/*B* +,(';9 9 )2(HK E*E,(' 
M219 E*I(2 /HA(2MH'H, C,;,'/*;H/LH ;0/(5((5 
(9) 0 /H;2G9/2/LH /0)C*/0)(0 C*G0)(0 C* M219. 
V0145 +.*B* – *';HE9DE* (21'9C(,: 

0a a c1 !    ; 0b b c1 !    ; 
2a a c a c11 1 ! # !     ; 2b b c b c11 1 ! # !     ; 
3 3a a c a c c a c111 11 1 ! # ! ! # !          ; 
3 3b b c b c c b c111 11 1 ! # ! ! # !          . 

!1&04.&H )45 C4*FH(H 0c 3 , '* *1'2((0 (2-
/,),(0 ;0/(5((5 /HE2B2N'., F*J 0a b1 1  . @,-
L'2 /0)E0((HG /0) (945 M4,(0/ )2(HG ;0/(5(. 
C;HKE2'HE9'. '2&HK /HB45): 

2a a c11 !   ;  2b b c11 !   ; 
3 3a a c a c c111 11 ! # ! !       ; 3 3b b c b c c111 11 ! # ! !       . 

@0/(5((5 A (3) D ;0/(5((5EH C,;,E0F,((5 
'*M&H / 1H1',E0 &**;)H(2' A C*M2'&*E / C*4*-
I,((0 (a, b). 

"9:> ?9:;<@A. 6*140)I9DE* C;H;*)9 /,&-
'*;2 Dk )45 '*M*& % (2 &*40 ;2)0919 r (2/&*4* k-

B* C*4N12 Pk (;H1. 2). 

 

@H1. 2. UG,E2 &*42 C*4N12 

%**;)H(2'H '*M&H # (2 )2(*E9 &*40 1'2(*-
/H'HE9'.: 

 
;k

k

x x r Cos

y y r Sin

 # ! 4 '
(

 # ! 4 )
,  (11) 

2 A(2M,((5 Xk '2 Yk C;HKE2N'. /HB45) 
( ) ( ) ;

( ) ( )

k k k k k k

k k k k k k

X l x r Cos d y r Sin a

Y d x r Cos l y r Sin b

 ! # ! 4 # ! # ! 4 # '
(

 " ! # ! 4 # ! # ! 4 # )
(

12) 

V0)1'2/45DE* A24,I(*1'0 0A /H;2A0/ (8) )45 

kx  '2 ky  0 A(2G*)HE*: 

( );

( ).

k k k

k k k

X r l Cos d Sin

Y r l Sin d Cos

 ! ! 4 # ! 4 '
(

 ! ! 4 " ! 4 )
 (13) 

W/0)1H, /,4HMH(2 /,&'*;2 Dk J9), ;0/(*N 

2 2 2 2
k k k k kD X Y r l d #  ! #  const,  (14) 

2 (2C;5E K*B* /HA(2M2D'.15 &9'*E 

k k k
k

k k k

Y l Sin d Cos
tg

X l Cos d Sin

! 4 " ! 4
5   

! 4 # ! 4
.   (15) 

S2I4H/, A(2M,((5 E2D &9' 6  E0I /,&'*;2EH 
Dk '2 Pk% = r ()H/. ;H1. 2), '2(B,(1 5&*B* 1'2(*-
/H'.: 

( )
1

k
k

k

tg tg
tg tg

tg tg

5 " 4
6  5 " 4  

# 5 ! 4
, (16) 

2J* 
( ) ( )

( ) ( )

k k k k

k k k k

Cos l Sin d Cos Sin l Cos d Sin
tg

Cos l Cos d Sin Sin l Sin d Cos

4! 4" 4 " 4! 4# 4
6  

4! 4# 4 # 4! 4" 4
(162) 

WB0)(* A *),;I2(HE, C;HG*)HE* )* C;*1'*B* 
;,A94.'2'9: 

( )k

k

d
tg f

l
6  " 3 4 ,  (16J) 

5&HK C*&2A9D, F* /,&'*; Dk 9'/*;ND A ;2)024.-
(HE /,&'*;*E Pk% = r C*1'0K(HK &9' 6 . 

SH;2A )45 C*4N1(*B* &*42 L/H)&*1'0 E2'H-

E, (21'9C(HK /HB45): 
2 2

vV c x y c r ! #  !  , (17) 

), rv – ;2)091 &*42 A +,(';*E (2 C*M2'&9 &**;-
)H(2', 2J* (F* D 'HE I, 12EHE) / C*4N10 L/H)-
&*1'0 $1 ((2 ;H1. 3 +, &*4* C*A(2M,(, J9&/*N 

V). V*4N1(, &*4* C;H1&*;,((5 *CH19D'.15 ;0/-
(5((5E: 

2 2 2

2
2 2

4

( ) (1 ) 2 ( )

2 ( ) 0,

x y g x a b g

A
y a g b a b

c

11 11# ! # " ! " "

11 11" ! # # # "  
 

                 (18) 

), 2 2A X Y #     – C;HK(5', &*4*, (2 &*('9;0 
5&*B* 1G*)5'.15 C;H1&*;,((5, '2& A/2(, «&*4* 
1G*)(HG C;H1&*;,(.», 5&, (2 ;H1. 4 C*A(2M,(, 
40',;*N  , 0 ;2)091 5&*B* rA ;*A;2G*/9D'.15 A2 

3*;E94*N 
4 2

A

A
r

c c
 

#   

, 2 +,('; E2D &**;)H-

(2'H  
2 2

;
1 1

a b g a g b

g g

7 811 11 11 11" #
9 :

# #; <
, 5&0 1C0/C2)2N'. A 

&**;)H(2'2EH C*4N12 C;H1&*;,(. $2. 
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@H1.3. UG,E2 &*42 A /,&'*;2EH, F* G2;2&',;HA9N'. 
;9G 

 

@H1.4. %;H/0 C;H1&*;,(., 5&0 1G*)5'.15 

6240 ;*AB45)2DE* *&;,E0 /HC2)&H &*('2&'(*< 
/A2DE*)0< C*/,;G*(., G2;2&',;(0 )45 )2(*B* E,-
G2(0AE9 0 )H(2E0&H K*B* C,;,E0F,(.. 
+BCDE@ F>C>BGDCH@ A=?>IB=. %9' & 6  E0I 

/,&'*;2EH Dm '2 Dn, ), k = m, n /HA(2M2D'.15 
AB0)(* (2/,),(HG ;0/(5(. (15) '2 (16): 

m n m n
mn

m n m n

X Y Y X
tg

X X Y Y

"
6  

#
. (19) 

S *1'2((0K /H;2A C0)1'2/45DE* ;0/(5((5 (3) 0 
*),;I9DE* (21'9C(, ;*AB*;(9', ;0/(5((5 (192): 

2 2

2 2

( ) ( ) ( ) ...

( ) ( ) ( ) ...

n m m n n m n m m n m n
mn

n m n m m n n m m n n m

x y l d l d x a d b l a d b l
tg

x y l l d d x a l a l b d b d

# ! " # ! # " " #
6  

# ! # # ! # " " #
 

( ) ( )

( ) ( )

m n n m m n m n m n n m

m n n m m n n m n m n m

y a l b d b d l a a b a b

y a d a d b l b l a a b b

! # " " # "

! # # # # #
.       (192) 

-,B&* C*E0'H'H, F* C;H 1'24*E9 A(2M,((0 

& 6  *),;I2(, ;0/(5((5 J9), ;0/(5((5E &*42. 

!'I,, B,*E,';HM(HE E01+,E '*M*& ;9G*E*< C4*-
FH(H, )45 5&HG &9' & 6  E0I /,&'*;2EH Dm '2 

Dn E2D 1'24, A(2M,((5, J9), &*4*. %;0E '*B*, 
A29/2I9DE*, F* C*4N1H $& ('& = Y& = 0) '2 $  

('  = Yn = 0) A2)*/*4.(5N'. )2(0 &*42. 
%9'H =  '2 >  E0I /0)C*/0)(HEH /,&'*;2EH 

()H/. ;H1. 3) J9)9'. ;0/(HEH: 

12

13

;

.

a v

j v

=  6  5 " 5 '0
(>  6  5 " 5 0)

 (20) 

>) !CJK=L ?9CMI9B. 645 &9'2 126  ;0/(5((5 

(192) E2'HE, (21'9C(HK /HB45): 

2 2

2 2( )

x y a x b y
tg

g x y b x a y

11 11# " "
=  

11 11! # # "
 (21) 

0 C*/’5A2(, A /,&'*;2EH L/H)&*1'0 0 C;H1&*;,(-

(5. 8*)0 K*B* E*I(2 C;H/,1'H )* /HB45)9: 
2 2

2 2

( )

( ) 0.

( tg g x y b x a y

x y a x b y

* +11 11 = ! ! # # " ". /

11 11" # " "  
           (22) 

!),;I2(, ;0/(5((5 D ;0/(5((5E &*42, F* 
C;*G*)H'. M,;,A C*M2'*& &**;)H(2'. ?2 ;H1. 5 

+, &*4* C*A(2M,(, 40',;*N !. T,('; ) +.*B* 
&*42 4,IH'. / '*M+0 (x, y) A &**;)H(2'2EH 

;
2 (1 ) 2 (1 )

a b tg b a tg

g tg g tg

11 11 11 117 8# ! = " ! =
9 :! " ! = ! " ! =; <

, 2 ;2)091 r( +.*-

B* &*42 ;*A;2G*/9D'.15 A2 (21'9C(*N 3*;E9-
4*N: 

2 2( ) ( )

2 (1 )
(

a b tg b a tg
r

g tg

11 11 11 11# ! = # # ! =
 

! " ! =
. 

 

@H1. 5. V9M*& *&;9I(*1',K ( )45 g<0; 
1 – (,;9G*E2 C*/,;G(5; 2 – ;9G*E2 C*/,;G(5; 

3 – ;2)024.(2 /01. 

%*4* ! D &;H/*N 10E,K1'/2 &04, 5&0 G2;2&',-
;HA9N'.15 A(2M,((5E tg= . 645 /HC2)&0/, &*4H 

tg=  C;HKE2D A(2M,((5 0 2J* ? , ;0/(5((5 (22) 

E2D &*42, /0)*E0 5& &*42 ";,1'2, )45 5&HG J9).-
5&0 '*M&H, F* *J,;'2N'.15, A2 9E*/H, F* <G )*-
'HM(, C;H1&*;,((5 / )2(HK E*E,(' ;0/(, (94N 

0 ;0/(5((5 +0D< &;H/*< /0)(*1(* C*4N12, /H;2-
I,(, / C*45;(HG &**;)H(2'2G, D ;0/(5((5E &*-
42, 5&, (2AH/2N'. *+,+- ./0##!. #J* C* 0(L*E9 
<G F, (2AH/2N'. /0)C*/0)(* &*4*E C,;,BH(9 0 
&*4*E (94.*/*B* '2(B,(+0K(*B* C;H1&*;,((5 
[3]. 

N) "9:> ?DCDK=H@A (BC=A@ HJ:O9A9K9 H9C-

E>:OH9K9 ?C=<B9CDHHM). %*4H tg=  = 0, /,&'*; 

L/H)&*1'0 0 /,&'*; C;H1&*;,((5 D &*40(,2;(H-

EH, '*J'* &*4H (*;E24.(, C;H1&*;,((5 ;0/(, 
(94N. T, 149B9D &;H',;0DE )45 '*M&H C,;,BH(9 
';2D&'*;0<. X*J *';HE2'H B,*E,';HM(, E01+, 
'2&HG '*M*& (x, y), (,*JG0)(* C;H;0/(5'H )* (9-
45 MH1,4.(H& C;2/*< M21'H(H ;0/(5((5 (21). 8*-
)0 /H;2A (22) *';HE2D /HB45): 

22



2 2
0 0.( x y a x b y11 11 # " "            (23) 

T, &*4* C,;,BH(9 C*E0M,(2 40',;*N !0 

(;H1. 5). @2)091 +.*B* &*42 ;*A;2G*/9D'.15 AB0)-

(* 3*;E94H 2 2
0 0,5r a b11 11 ! # , 2 +,('; ) C,-

;,J9/2D 9 '*M+0 (x, y) A &**;)H(2'2EH ( / 2;a11  

/ 2b11 ). 7A +04&*/H'*N /C,/(,(01'N E*I(2 &*(1-
'2'9/2'H, F* A '*M(01'N )* 2-B* C*;5)&9 /10 '*-
M&H &*42 *CH19N'. / )2(HK E*E,(' ('*J'* / 
E24*E9) C;5E*40(0K(0 ';2D&'*;0<. 
A) "C=A@ HJ:O9A9K9 G>HKDHP@LH9K9 ?C=-

<B9CDHHM. %*4H tg=  = ? , /,&'*; L/H)&*1'0 0 

/,&'*; C;H1&*;,((5 D /A2DE(* *;'*B*(24.(HEH, 

 '*J'* '2(B,(+0K(, C;H1&*;,((5 ;0/(, (94N. T, 
D &;H',;0DE )45 '*M&H, 5&2 C,;,E0F9D'.15 / (,-
;9G*E0K C4*FH(0 (', Y) C* &;9B*/0K ';2D&'*;0< A 
C*1'0K(*N L/H)&01'N. X*J *';HE2'H B,*E,'-
;HM(, E01+, '2&HG '*M*& (1, 2), (,*JG0)(* C;H;0-
/(5'H )* (945 A(2E,((H& C;2/*< M21'H(H ;0/-
(5((5 (21), C0145 M*B* /H;2A (22) *';HE2D /H-

B45): 

2 2( ) 0( g x y b x a y? * +11 11 ! ! # # "  . / ,      (24) 

'*J'* ;0/(5((5 &;H/*< (94.*/*B* '2(B,(+0K(*B* 
C;H1&*;,((5, 5&2 (2 ;H1. 5 C*A(2M,(2 40',;*N 

! ? . S10 '*M&H ;*AE0F,(0 (2 +.*E9 &*40 C,;,-

E0F9N'.15 '2&, F* <G(D '2(B,(+0K(, C;H1&*-
;,((5 ;0/(, (94N. @2)091 +0D< &;H/*< /HA(2M2-
D'.15 AB0)(* (21'9C(*< 3*;E94H 

2 21

2
r a b

g
? 11 11 # , 

2 << +,('; C?  4,IH'. / '*M+0 (1, 2) A &**;)H(2-

'2EH @ A/ 2 ; / 2b g a g11 11" . 

K) /CDG@L ?9CMI9B. 645 &9'2 136  ;0/(5((5 (19 

2) *';HE9D /HB45) (25) 0 A/’5A2(, 0A L/H)&01'N 0 
C*G0)(*N /0) C;H1&*;,((5. V0145 C,/(*B* E2-
',E2'HM(*B* C,;,'/*;,((5 +, ;0/(5((5 *),;-
IH'. 3*;E9 (26) 

2 2 3 3

2 2 2 3 3

3 ( ) ( 3 ) ( 3 )

( ) ( ) ( 3 ) ( 3 )

c c x y x a c a c c y b c b c c
tg

c c x y x b c b c c y a c a c c

111 11 111 11! ! # " ! # ! ! " ! # ! !
>  

11 11" ! # # ! ! # ! ! " ! ! # ! !

           

                  
                         (25) 

2 2( ) [3 (1 ) ] [ 3 ( 3 ) ]

[ 3 ( 3 ) ] 0

x y g p tg x a a g b b g tg

y b b g a a g tg

111 11 111 11B  # ! # " ! > " ! # # # ! > #

111 11 111 11# ! " " # # ! >  
                 (26) 

 

T, &*4* C;*G*)H'. M,;,A C*M2'*& &**;)H(2' 
0 (2 ;H1. 6 C*E0M,(, J9&/*N B . T,('; +.*B* 
&*42 ;*A'2L*/2(HK 9 '*M+0 3 A &**;)H(2'2EH: 

3 ( 3 )
;

6 2 (1 )

3 ( 3 )
,

6 2 (1 )

E

E

a a g b b g tg
x

g p tg

b b g a a g tg
y

g p tg

111 11 111 11# # # ! > ' 0# ! " ! > 0
(111 11 111 11# " # ! > 0 
0# ! " ! > )

     (27) 

), 
2

c
g

c
 

  

 
  '2  

3

c
p

c
 

  

 
. 

# ;2)091 )2(*B* &*42 J9), ;0/(HE: 

 

2 2[ 3 ( ) ] [ 3 ( 3 ) ]

6 2 (1 )

a a g b b g tg b b g a a g tg
r

g p tg
B

111 11 111 11 111 11 111 11# # # ! > # # " # ! >
 

# ! " ! >
. 

%*4* B  (24,IH'. 10E,K1'/9 &;H/HG, 5&0 G2-
;2&',;HA9N'.15 A(2M,((5E tg> . 6/2 ,&1';,E2-

4.(HG A(2M,((5 tg>  )2N'. C2;9 *&;9I(*1',K, 

2(24*B0M(HG ,&1';,E24.(HE A(2M,((5E tg= . 

I) "C=A> HJ:O9A9Q HJ:O9A9Q H9CE>:OH9Q 
<B:>I9A9Q ?9F@IH9Q A@I ?C=<B9CDHHM. $&F* 
tg> = 0, '* C*G0)(2 /0) C;H1&*;,((5 0 L/H)&01'. 

D &*40(,2;(HEH, '*J'* (*;E24.(2 1&42)*/2 C*-
G0)(*< /0) C;H1&*;,((5 )*;0/(ND (94N. X*J 
*),;I2'H B,*E,';HM(, E01+, '2&HG '*M*& (1; 2), 

(,*JG0)(* C;H;0/(5'H )* (945 MH1,4.(H& C;2/*< 
M21'H(H ;0/(5((5 (25), C0145 M*B* *),;I9DE* 
/H;2A: 

2 2
0 3 ( ) ( 3 )

( 3 ) 0.

g x y x a a g

y b b g

111 11B  ! # " ! # "

111 11" ! #  
   (28) 

!),;I2(, ;0/(5((5 &*42 D ;0/(5((5E &;H/*< 
(94.*/*< (*;E24.(*< 1&42)*/*< C*G0)(*< C;H-

1&*;,((5, C*A(2M,(*< (2 ;H1. 6 40',;*N 0B . S10 

'*M&H +.*B* &*42 C,;,E0F9N'.15 / )2(HK M21, 
'*J'* / )2(HK EH''D/HK /0);0A*& ';H/24*1'0 ;9-
G9, A 1'24HE (*;E24.(HE C;H1&*;,((5E. #J* 
B*/*;5MH C* 0(L*E9: (*;E24.(, C;H1&*;,((5 
(2 )2(9 EH'. ;9G9 D (,AE0((HE. 
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@H1.6. UG,E2 ;9G9 ';,'.*B* C*;5)&9 

T,('; 30 )2(*< &;H/*< 0B  E2D (21'9C(0 &*-

*;)H(2'H 
3 3

;
6 6

a a g b b g

g g

111 11 111 117 8# #
9 :
; <

, 2 << ;2)091 – 

2 2

0

( 3 ) ( 3 )

6

a a g b b g
r

g

111 11 111 11# # #
 . 

D) "C=A> HJ:O9A9Q G>HKDHP@LH9Q <B:>I9A9Q 
?9F@IH9Q A@I ?C=<B9CDHHM. $&F* tg> =? , '* 

C*G0)(2 /0) C;H1&*;,((5 0 L/H)&01'. D /A2DE(* 
C,;C,()H&945;(HEH, '*J'* )*'HM(2 1&42)*/2 
/0) C;H1&*;,((5 ;0/(2 (94N. X*J *';HE2'H 

B,*E,';HM(, E01+, '2&HG '*M*&, C;H;0/(NDE* 
)* (945 A(2E,((H& C;2/*< M21'H(H ;0/(5((5 
(25): 

2 2(1 ) ( ) ( 3 )

( 3 ) 0.

p x y x b b g

y a a g

? 111 11B  " ! # " ! # #

111 11# ! #  
  (29) 

?2/,),(, ;0/(5((5 D ;0/(5((5E &;H/*< (9-
4.*/*< '2(B,(+0K(*< 1&42)*/*< C*G0)(*< /0) C;H-
1&*;,((5, C*A(2M,(*< (2 ;H1. 6 1HE/*4*E ?B . 

S10 '*M&H )2(*< &;H/*< (2 )2(HK M21 ;9G2N'.15 
'2&HE MH(*E, F* 1&42)*/2 C;H1&*;,((5 9 (2-
C;5E0 L/H)&*1'0 D 1'24*N. 

T,('; 3?  &;H/*< ?B  A(2G*)H'.15 9 '*M+0 A 

&**;)H(2'2EH 
3 3

;
2 (1 ) 2 (1 )

b b g a a g

p p

111 11 111 117 8# #
9 :! " ! "; <

, 2 ;2)091 

/HA(2M2D'.15 AB0)(* 0A A24,I(01'N 

2 2( 3 ) ( 3 )

2 (1 )

b b g a a g
r

p
?

111 11 111 11# # #
 

! "
. 

2JR9B 9BCJSH9<GDL. V;H AE0(0 & 6  EH 

*),;I9DE* C9M*& *&;9I(*1',K [4], 5&0 E2N'. 
;2)024.(0 '*M&H / $& '2 $ . W2 9E*/H, F* & 6 =0, 

MH1,4.(H& C,;,'/*;ND'.15 / (94., EH *';HE9D-

E* &*4* 0 0& )   ()H/. ;H1. 5); &*4H / 2& 6  C , 

A(2E,((H& 1'2D ;0/(HE (94N 0 EH *';HE9DE* 

&*4* 0& )?  . U9&9C(01'. /10G &;H/HG, 5&0 (2-

4,I2'. C9M&9, A24,I(HG /0) & 6 , /HA(2M2D'.15 

(21'9C(HE ;0/(5((5E: 

0
1 2 0& & 4 ) 4 )?! # !  ,             (30) 

), 1 mn4 tg 6 , 42 = -1. 

T,(';H +HG *&;9I(*1',K C*/H((0 4,I2'H (2 
C,;C,()H&945;0 )* ;2)024.(*< *10 $&$ . 

645 1'2(9 );9B*B* C*;5)&9 1H1',E2 *&;9I-

(*1',K, &*2&1024.(HG A 0 0(   '2 0(?  , 1&42-

)2D'.15 0A E(*IH(H &;H/HG 

0 0( tg ( (? =! "  . 

@0/(5((5 ;2)024.(*< *10 E2D /HB45): 

0 0 ( ) ( ) 0R ( ( x b a g y a b g? 11 11 11 11 "  " ! # # ! #   

(31) 

T,(';2EH ) ;,L'H *&;9I(*1',K ! D &0(+,/0 
'*M&H 40(0< ) , 5&2 D C,;C,()H&945;(*N )* ;2-
)024.(*< *10. 82&HE MH(*E, B,*E,';HM(HE E01-
+,E +,(';0/ ) D 40(05 ) , 5&2 C;*G*)H'. M,;,A 
+,(';H )0 '2 )?  ()H/. ;H1. 5) 

645 1'2(9 ';,'.*B* C*;5)&9 10E,K1'/* &;H-

/HG B  *CH19D'.15 ;0/(5((5E 

0 0tgB  B ! > "B  . 

@0/(5((5 ;2)024.(*< *10 E2D /HB45): 

0 0RB ? B "B                     (32) 

0 +,(';H 3 *&;9I(*1',K B  4,I2'. (2 40(0< 3 , 

5&2 D C,;C,()H&945;(*N )* ;2)024.(*< *10 RB . 

+<9N:=A@ G9RB= I=H>E@B= B9HG>BGJA>HHM. 

/9RB> T9::>. 8*M&2 C,;,'H(9 *&;9I(*1'0 
C,;,BH(9 !0 0 &*42 0B  (94.*/*< (*;E24.(*< 

1&42)*/*< C*G0)(*< /0) C;H1&*;,((5 D *1*J4H-

/*N '*M&*N / &*EC42(2;(*E9 C,;,E0F,((0, '2& 
A/2(*N &+5*+6 .+,,!, 5&9 C;HK(5'* C*A(2M2'H 

1HE/*4*E ". T5 '*M&2 G2;2&',;(2 'HE, F* C;H-
1&*;,((5, 2 '2&*I C*G0)(2 /0) C;H1&*;,((5 D 
&*40(,2;(HEH A /,&'*;*E L/H)&*1'0. 8*M&2 "*-
442 C*&2A2(2 (2 ;H1. 7. 

 

 

@H1.7. 8*M&H "*442 (B) '2 6I,/*'2 (F) 

W2CH19DE* *1(*/(0 ;0/(5((5 *&;9I(*1',K 

!0 '2 0B , /H&*;H1'*/9NMH /I, (2/,),(0 A24,-

I(*1'0 (23) '2 (28): 
2 2 0x y a x b y11 11# " "  ,          (23 2) 
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2 23 ( ) ( 3 ) ( 3 ) 0g x y x a a g y b b g111 11 111 11! # " ! " " ! #   

(282) 
V*E(*IH/LH 40/9 M21'H(9 ;0/(5((5 (23 2) 

(2 3g 0 /0)(5/LH 0A ;0/(5((5 (28 2), *),;I9DE*: 
0a x b y111 111#  .                        (33) 

$&F* C*4*I,((5 C*4N1(*B* C;*E,(5, 5&HK 

C;*G*)H'. M,;,A '*M&9 "*442 ", /HA(2M2'H &9-
'*E 75 , '* *';HE9DE* (21'9C(,: 

B

y a
tg

x b

111
5   "

111
.                      (34) 

%**;)H(2'H '*M&H "*442 J9)9'.  

2 2 2 2

( ( )
;

( ) ( ) ( ) ( )

b a b b a a b a a b

a b a b

7 8111 11 111 11 111 111 11 111 11 111! " ! "
9 :111 111 111 111" #; <

. 

U40) A29/2IH'H, F* '*M&2 "*442 D MH1'* 
B,*E,';HM(*N '*M&*N – / << &**;)H(2'2G /0)19-
'(0 M4,(H, 5&0 A24,I2'. /0) M219. %;0E '*B*, A 
'*M(01'N )* ';,'.*B* C*;5)&9 /*(2 D D)H(*N 

'*M&*N, 5&2 A)0K1(ND C;5E*40(0K(, C,;,E0F,(-

(5. 8*E9 ';2D&'*;05 '*M&H / ;9G*E0K C4*FH(0 
E2D G/H4,C*)0J(HK G2;2&',;. 
/9RB> !SDA9G>. 6;9B*N *1*J4H/*N '*M&*N 

//2I2D'.15 '*M&2 C,;,'H(9 &;H/*< (?  (94.*/*-

B* '2(B,(+0K(*B* C;H1&*;,((5 '2 &*42 ?B  (9-

4.*/*< '2(B,(+0K(*< 1&42)*/*<, C*G0)(*< /0) 
C;H1&*;,((5. TN '*M&9 (2AH/2N'. '*M&*N 

6I,/*'2, 5&9 (2 ;H1.7 C*A(2M,(* 1HE/*4*E F. S 

+0K '*M+0 '2(B,(+0K(*B* C;H1&*;,((5, 2 '2&*I 

'2(B,(+0K(2 1&42)*/2 C*G0)(*< /0) C;H1&*;,((5 
;0/(0 (94N. @0/(5((5 &;H/HG (?  '2 ?B , AB0)(* 

/I, C*C,;,)(.* (2/,),(HG ;0/(5(. (24) '2 (29), 

E2N'. (21'9C(HK /HB45): 
2 2( ) 0g x y b x a y11 11! # # "  ,          (24 2) 

2 2(1 ) ( ) ( 3 ) ( 3 ) 0p x y x b b g y a a g111 11 111 11" ! # " ! # # ! "  
 

(29 2) 
S0)(5/LH *)(, ;0/(5((5 /0) 0(L*B*, /H&4N-

M2DE* M4,(H );9B*B* C*;5)&9 
( ) ( ) 0x tb gb y ta ga11 111 11 111! # " ! #  ,      (35) 

), t = 3g2 – p + 1. 

SHA(2M2NMH C*4*I,((5 C*4N1(*B* C;*E,-
(N, 5&HK C;*G*)H'. M,;,A &+5*2 890:+&!, &9-
'*E t5 , *),;I9DE*: 

t

y tb gb
tg

x ta ga

11 111#
5   

11 111#
.                     (36) 

%**;)H(2'H '*M&H 6I,/*'2 J9)9'. 

2 2
;

(1 ) (1 )

t t
t

t t

a tg b a tg b
tg

g tg g tg

7 811 11 11 11! 5 " ! 5 "
59 :

! # 5 ! # D; <
. 

T5 '*M&2 G2;2&',;(2 'HE, F* /*(2 D)H(2, 5&2 
C,;,E0F9D'.15 / C4*FH(0 A2 &;9B*/*N ';2D&'*-
;0DN A (94.*/HE '2(B,(+0K(HE C;H1&*;,((5E '2 

(94.*/*N '2(B,(+0K(*N 1&42)*/*N C*G0)(*N 

/0) C;H1&*;,((5, '*J'* /*(2 ;9G2D'.15 &*4*E 0A 
1'24*N A2 /,4HMH(*N L/H)&01'N. 

(=<H9AB=. : C;*+,10 /A2DE(*B* C,;,E0F,(-

(5 0 J,AC*1,;,)(.*B* &*('2&'9 C*/,;G(0 1';9-
E*A’DE(HG ,4,E,('0/ C2('*B;232 A C*/,;G(,N 

1';9E*(,19M*B* C;*/0)(H&2, '*M&2 &*('2&'9 
C;*G*)H'. 9 C;*1'*;0 C,/(HK L45G A2 )*/*40 
1&42)(*N ';2D&'*;0DN. S1'2(*/4,((5 +0D< ';2D-
&'*;0< D )*1H'. /2I4H/HE, *1&04.&H +, 
C*/’5A2(* A 'HE, F* )45 &*I(*B* EH''D/*B* 
1'2(9 C,;,E0F,((5 C4*FH( 01(9N'. *1*J4H/0 
&;H/0 0 '*M&H, 5&0 /0)C*/0)2N'. 1C,+024.(HE 

/421'H/*1'5E L/H)&*1'0 '2 C;H1&*;,((5, /1'2-
(*/4,((5 5&HG )*A/*45'HE, M0'&* 95/H'H 1*J0 
C;*+,1 /A2DE(*B* ',;'5 0, /0)C*/0)(*, C;*B(*A9-
/2'H ;0/,(. A(*L9/2((5 5& E2',;0249 &*('2&-
'9NMHG ,4,E,('0/, '2& 0 1';9E*(,19M*B* C;*/0-
)(H&2. 
: (2/,),(*E9 /HF, )*140)I,((0 /1'2(*/4,-

(*, F* (2KJ04.L /2I4H/HEH /HC2)&2EH C*;5)-
&9 & '2  , 5&0 ;*AB45)24H1., D &*EJ0(2+05 & = 1, 

  = 2 '2   = 1, & = 3. V,;L2 1H1',E2, 5&2 ;*A-
B45)2D'.15 A2 )*C*E*B*N &;9B0/ ";,112, '*J'* 
)45 C*4*I,((5, / 5&HG J9).-5&0 '*M&H, F* *J,;-
'2N'.15, A2 9E*/H, &*4H <G )*'HM(, C;H1&*;,(-

(5 / )2(HK E*E,(' )*;0/(ND (94N. 6;9B2 1H1-
',E2 )*A/*45D K'H )240 9 )*140)I,((0 1'2(9 C,-
;,E0F,((5 ';,'.*B* C*;5)&9, 5&HK A24,IH'. /0) 
M219. 
6,'24.(* ;*AB45(9'0 C’5'. '*M*& 1H1',EH: 

C*4N1 L/H)&*1'0 $1, C*4N1 C;H1&*;,((5 $2, 

C*4N1 C*G0)(*< C;H1&*;,((5 (C;H1&*;,((5 );9-
B*B* C*;5)&9) $3, '*M&2 "*442 ", '*M&2 6I,/*'2 
F. !),;I2(0 /,4HMH(H G2;2&',;HA9N'. 1'2( ;9-
G9 0 D /2I4H/HEH '*M&2EH C;H /H/M,((0 1'2(9 
C,;,E0F,((5 ';,'.*B* C*;5)&9. 
?2/,),(0 ;0/(5((5 (3), F* D ;0/(5((5EH C,-

;,E0F,((5 &*('2&'(*< '*M&H C;H /A2DE(*E9 
&*('2&'9/2((0 )/*G C*/,;G*(., C;,)1'2/4,(0 / 
1H1',E0 &**;)H(2' A C*M2'&*E 0 (!, b), F* D 
1C;2/,)4H/HE )45 J9).-5&*B* 0(L*B* ;*A'2L9-
/2((5 C*M2'&9 &**;)H(2'. V0)1'2/H/LH /HJ;2(0 
&**;)H(2'H 9 (2/,),(, ;0/(5((5 (19 2) '2 C;*/0-
/LH (21'9C(0 E2',E2'HM(0 C,;,'/*;,((5, E*I-

(2 *';HE2'H G2;2&',;H1'H&H C,;,E0F,((5 )2(*< 
'*M&H: 

X = x; Y = y; 

X y c " !  ; Y x c !   

2( )X x a c y c11 " # ! " !     ; 

2( )Y y b c x c11 " # ! # !     ; 

2( ) 3 ( )X y a c x a c c y c111 11 # ! # ! " # ! ! " !          ; 

2( ) 3 ( )Y x b c y b c c x c111 11 " # ! # ! " # ! ! # !          . 
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